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Abstract
This is the first of three papers on Conformal General Relativity (CGR), which differs
from Einstein’s General Relativity (GR) in that it requires action–integral invariance
under local scale transformations in addition to general coordinate transformations.
The theory is here introduced in the semiclassical approximation as a preliminary ap-
proach to a quantum theoretical implementation. The idea of a conformal–invariant
extension of GR was introduced by Weyl in 1919. For several decades it had little
impact, as CGR implies that all fields are massless. Today this does not appear to
be an unsurmountable difficulty since nonzero mass parameters may result from the
spontaneous breakdown of conformal symmetry. The theory leads to very interesting
results and predictions: 1) the spontaneous breakdown of conformal symmetry is only
possible in a 4D–spacetime with small negative curvature; 2) CGR requires the intro-
duction of a ghost scalar field σ(x) invested with geometric meaning and a physical
scalar field ϕ(x) of zero mass, both of which have nonzero vacuum expectation values;
3) in order to preserve S–matrix unitarity, σ(x) and ϕ(x) must interact in such a way
that the total energy density is bounded from below; 4) this interaction makes ϕ(x)
behave like a Higgs field of varying mass, which is capable of promoting a huge energy
transfer from geometry to matter identifiable as the big bang; 5) in the course of time,
the Higgs boson mass becomes a constant and CGR converges to GR.
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1 Introduction: the problem of the Beginning
In this and two following papers – Part II and Part III – a novel theory of inflationary
cosmology, based on a conformal extension of the principle of General Relativity (GR), is
presented. In this Part, the theory is formulated in the semiclassical approximation as the
premise of a quantum theoretical implementation.
The need for a revision of the relationship between spacetime and matter is due to the
fact that GR suffers from several critical shortcomings. In particular:
1. The gravitational equation of Einstein establishes the proportionality of two con-
servative quantities, one invested with physical meaning (energy momentum tensor)
and the other with geometric meaning (gravitational tensor), but the former is renor-
malizable and the latter is not, which is a beautiful contradiction.
2. Even in the semiclassical approximation, GR is unable to provide reasonable solu-
tions to the main problems raised by modern cosmology. In an attempt to explain
the homogeneity and isotropy of the universe on the large scale, and – more recently
– the anisotropies of cosmic background temperature, the standard model of infla-
tionary cosmology is put in a condition to invoke the decay of a sort of Higgs boson
field, the mass of which is estimated to be about 1011 times larger than that of the
Higgs boson detected in LHC experiments [1] [2] [3]. This assumption conflicts very
seriously with the Standard Model of elementary particles.
3. GR is unable to explain why the cosmological constant, as vacuum energy–density,
is about 10−47GeV4. A value as small as this is incompatible with the hypothesis
that it is totally or partially due to the zero–point energy density of all the fields in
the quantum vacuum state [4]. Since the contributions to zero–point energy density
are positive for bosons and negative for fermions, and are inversely proportional to
positive powers of Planck’s constant h, we must conclude that the total zero–point
energy density of a possible “true” quantum field theory is exactly zero, and such it
remains at the classical limit. This means that, in spite of the non–renormalizability
of GR, Bohr’s principle correspondence, which states that quantum mechanics con-
verges to classical mechanics as h → 0, also holds in quantum field theory, thus
legitimating a posteriori the semiclassical approximation of the theory.
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4. According to Standard Cosmology, going backward in time, we find an initial time
at which all spacelike volume–elements shrink to zero, so that the energy density of
matter field becomes infinite, which sounds physically absurd.
Let us briefly recall the general structure of Einstein’s gravitational equation for the
purpose of fixing symbols, sign conventions, measurement units and relevant dimensional
constants, and of introducing the point of departure of my investigation.
Let gµν , Rµν , R,Λ,Θ
M
µν , G ≃ 6.7086 × 10−39, κ ≡ 8πG ≃ 1.6861 × 10−37 GeV−2 and
MrP ≡ 1/
√
κ ≃ 2.4354 × 1018 GeV, be respectively: metric tensor, Ricci tensor, Ricci
scalar, cosmological constant, EM tensor of matter, Newton gravitational constant, (Ein-
stein) gravitational constant and reduced Planck mass, and then consider the structure of
Einstein equation Rµν − 12gµνR − gµνΛ = κΘMµν . To prevent misunderstandings, let us
specify our mathematical conventions:
- The signature of gµν(x) is (+,−,−,−) and the speed of light is 1.
- ΘMµν , which may also depend on ∂λg
µν(x), matches Hilbert’s definition
ΘMµν(x) = 2
[
δLM (x)
δgµν (x)
− ∂λ δL
M (x)
δ ∂λgµν(x)
− gµν(x)
2
LM (x)
]
,
- Rµν matches Landau–Lifchitz’ definition Rµν = R
ρ
·µρν [5], where
Rρ. µσν = ∂σΓ
ρ
νµ − ∂νΓρµσ + ΓλµνΓρλσ − ΓλµσΓρλν
is the Riemann tensor and Γρνµ =
1
2g
ρλ
(
∂µgρν + ∂νgρµ − ∂ρgµν
)
are the Christoffel
symbols constructed from gµν(x). Here and in the following, we put ∂µf ≡ ∂f/∂xµ.
Since Rρ·µσν is antisymmetric under the interchange ρ ↔ µ or σ ↔ ρ, the sign of
our Ricci tensor is opposite to that of Rµν = R
ρ
·µνρ, a definition preferred by other
authors [6] [7].
- The sign of Λ is chosen so that ρvac = Λ/κ ≈ 10−47GeV4 can be interpreted as the
(positive) energy density of the vacuum. The expression ΘVµν(x) = ρvac gµν(x) is here
called the EM tensor of the vacuum.
With these assumptions and conventions, the gravitational equation of Einstein takes the
general form
ΘMµν −
1
κ
(
Rµν − 1
2
gµνR
)
+ ρvac gµν = 0 . (1.0.1)
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Note that, if we interpret respectively
ΘGµν = −
1
κ
(
Rµν − 1
2
gµνR
)
, ΘVµν(x) = ρvac gµν
as the EM tensors of geometry and vacuum, Eq (1.0.1) takes the symmetric form
Θµν(x) ≡ ΘMµν(x) + ΘGµν(x) + ΘVµν(x) = 0 , (1.0.2)
where Θµν(x) represents the total EM tensor of matter, geometry and vacuum.
Based on these simple considerations, we may speculate that the universe originated
from the vacuum state of an empty world, perhaps as a consequence of a nucleating event
capable of priming the spontaneous breakdown of some fundamental symmetry [8] [9], and
thence evolved under the effect of a huge transfer of energy from ΘGµν to Θ
M
µν . But the
idea of such a prodigious zero–sum game must be immediately excluded from GR as soon
as we realize that the continuity equations
DµΘGµν(x) = 0 ; D
µΘVµν(x) = 0 , D
µΘMµν(x) = 0 ;
where Dµ are contravariant spacetime derivatives (see Appendix), hold separately on their
own; the first of them being imposed by the second Bianchi identities [10], the second
because Dλgµν(x) ≡ 0 holds by definition of Dλ, as shown by Eqs (A-5) and (A-6) of the
Appendix, and the third by consequence.
No matter how fanciful it may seem, the idea that the big bang may have originated
in this way has the merit of indicating that a suitable modification of GR may account
for a non–zero energy exchange between geometry and matter.
The purpose of this and the next two papers is to prove that this is in fact the case for a
theory based on the conformal extension of GR proposed by Weyl in 1919 [11] and further
developed by Cartan on purely geometric grounds in the early 1920s [12] [13] [14] [15]. In
this theory, which I call Conformal General Relativity (CGR), a new degree of freedom
accounting for a possible scale expansion of spacetime geometry and matter generation is
introduced. We formulate the problem for a spacetime of dimension n > 2 (in short, nD
spacetimes) precisely to prove that it can be implemented in 4D only.
Among the authors who inspired me with ideas similar to this, I must quote Gu¨rsey
(1963) [16], Schwinger (1969) [17], Fubini (1976) [18], Englert et al. (1976) [19], Brout et
al. (1978, 1979) [21] [22], but my implementation is original and entirely new.
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2 Riemann and Cartan manifolds
Both GR and CGR describe the universe as grounded in a differentiable nD manifold
parameterized by adimensional coordinates xµ (µ = 0, 1, . . . , n − 1) and enveloped in a
continuum of local tangent spaces, all of which support isomorphic representations of a
finite continuous group, called the fundamental group. The fundamental group of GR is
the nD Poincare´ group and that of CGR is its conformal extension [23], which is amply
described in § 1 of Part II. The structures of both groups can easily be determined according
the local transformation properties of two fundamental tensors, respectively gµν(x) and
gˆµν(x) = e
2α(x)gµν(x), where e
2α(x) is the Weyl scale factor.
The local representations of the fundamental group at any two points of the manifold
are related to each other by a generally path–dependent law called the connection, which
describes the variations in fundamental–group representations as detectable from a local
reference frame moved along the path. Connections which do not return the identity when
local frames are moved along closed paths are said to possess a non–zero curvature.
In this general scheme, physical fields can be described as irreducible representations
of the fundamental group which, in general, undergo coherent path–dependent transfor-
mations when the local frame is moved along arbitrary manifold paths. The curvature
of a connection along an infinitesimal closed path, divided by the area circumscribed by
the path, produces coherent transformations of all field representations, which may be
interpreted as the effects of gravitational forces on the fields grounded in the manifold.
Different groups and types of curvatures characterize different manifolds and mani-
fold connections. Since the fundamental group of GR preserves the measurement units
and line–element lengths, we call the connection metric and the spacetime manifold the
Riemann manifold. Since the fundamental group of CGR preserves the angle between
spacetime directions stemming from the same point and in general produces local changes
of line–element length, we call the connection conformal and the spacetime manifold the
Cartan manifold.
Metric connections are characterized by the property that translations have zero cur-
vature, whereas Lorentz rotations generally do not. Therefore, in GR, any infinitesimal
round–trip of the local reference frame, from a point x to the same point x, generally re-
sults in an infinitesimal Lorentz rotation of the frame at x. This rotation, which accounts
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for the effects of gravitational forces and/or local–frame accelerations, is fully represented
by the local components of a 4–index tensor Rµνρσ , called the Riemann tensor.
In comparison with metric connections, conformal connections are characterized by
possible path–dependent changes of measurement units. Since we must exclude that round
trips may alter the size of a body, dilation connections must have zero curvature. This
means that the dilation connection is the gradient of a scalar field so that the size of a
body is allowed to change only along the time lines of an open spacetime. In § 1 of Part II,
we prove that zero curvature of dilation connection implies zero curvature of all conformal
connections with the exception of Lorentz–group connections. Thus, were it not for the
existence of infinitely extended time lines, dilation connections would drive mere gauge
transformations and could therefore be removed from the theory. In this case, CGR and
GR would be the same thing.
2.1 The principle of General Relativity and its significance
Let L(x) ≡ L(Φ, ∂λΦ, gµν, ∂λgµν) be the total Lagrangian density of a field theory grounded
in a Riemann manifold parameterized by n > 2 adimensional spacetime coordinates xµ
(µ = 0, 1, . . . , n−1) equipped with metric tensor gµν(x) and volume element
√
−g(x) dnx,
where g(x) is the determinant of matrix
[
gµν(x)
]
. L(x) is a function of a set of fieldsΦ(x) =
{Φ1(x), . . . ,Φm(x)}, metric tensor gµν(x), where gµν(x) are defined by gµλ(x) gλν(x) = δνµ,
and their partial derivatives ∂λΦ(x), ∂λg
µν(x). For the sake of simplicity, we exclude
fermions from Φ, since otherwise we should represent the metric by soldering forms eIµ(x),
(I = 1, . . . n) (called tetrads in 4D), rather than gµν(x). This is not so restrictive because,
using eIµ instead of gµν , would give the same result. Thus, the total action integral is
A =
∫ √−g L(Φ, ∂λΦ, gµν, ∂λgµν) dnx . (2.1.1)
The principle of General Relativity states that the gravitational equation is determined
by the condition of A invariance under general coordinate transformations, and we must
also require the latter to be continuous and differentiable everywhere, i.e., belonging to
the infinite group D of coordinate diffeomorphisms. Let us see how the condition works.
To fix the notation, let us represent the action of a diffeomorphism D ∈ D on xµ as
D: xµ → x¯µ(x), and that on a scalar function f(x) as D: f(x) → f¯(x¯) = f [x(x¯)]. Since
the squared line–element ds2 = gµν(x) dx
µdxν and the volume element
√
−g(x) dnx of the
R.Nobili, The Conformal Universe I 8
manifold are scalar functions of x, D acts on these as follows
D: ds2 = gµν(x)dx
µdxν→ds¯2 = g¯µν(x¯)dx¯µdx¯ν ; D:
√
−g(x)dnx→
√
−g¯(x¯)dnx¯, (2.1.2)
where g¯µν(x¯) ≡ gρσ [x(x¯)] and g¯(x¯) ≡ g[x(x¯)]; and, in general, we have ds2 6= ds¯2.
We now consider the following infinitesimal diffeomorphism Dε ∈ D of parameters xµ
Dε: x
µ(x)→ x¯µ(x¯) = xµ + δεxµ ≡ xµ + εµ(x), (2.1.3)
with εµ(x) infinitesimal, differentiable functions of xν . We therefore have the matrices
∂x¯µ
∂xν
= δµν + ∂νε
µ(x) ;
∂xµ
∂x¯ν
= δµν − ∂νεµ(x) , (2.1.4)
the second of which is clearly the inverse of the first. Let gρσ(x) and g¯µν(x¯) be the metric
tensors as functions of xµ and of x¯µ, respectively. From the first of Eqs (2.1.2) and the
second of Eqs (2.1.4), we derive the infinitesimal variation of ds2(x)
Dεds
2(x) =
[
ελ(x) ∂λgµν(x)− gµλ(x) ∂νελ(x)− gνλ(x) ∂µελ(x)
]
dxµdxν . (2.1.5)
Using gµλ(x) gλν(x) = δ
µ
ν , where δ
µ
ν is Kronecker delta, we obtain
Dεg
µν(x) = −gµρ(x) gνσ(x)Dεgρσ(x) . (2.1.6)
Also, using the well–known differential formula ddet(M) = det(M)Tr[M−1dM ], where
M is any square matrix and Tr[. . . ] stands for matrix trace, we obtain
Dǫ
√
−g(x) = −
√
−g(x)
2
gµν(x)Dεg
µν(x) . (2.1.7)
Lastly, as we can easily verify, under the action of Dε, g
µν(x) undergo the variation stated
by Eq (2.1.6) and Φi(x) and their partial derivatives, variations Φi(x) = ε
µ(x) ∂µΦi(x)
and δε∂νΦi(x) = ε
µ(x) ∂µ∂νΦi(x), respectively.
The general principle of Einstein’s relativity requires the variation of action–integral
A under arbitrary infinitesimal diffeomorphisms Dε to be zero, i.e.,
DεA ≡
∫
δA
δgµν(x)
Dεg
µν(x) dnx = 0. (2.1.8)
Carrying out the variations of Lagrangian density, and then exploiting Eq (2.1.7), we
obtain
δA
δgµν (x)
=
δ
[√−g(x)L(x)]
δgµν(x)
− ∂λ
δ
[√−g(x)L(x)]
δ
[
∂λgµν(x)
] ≡
√
−g(x)
{
δL(x)
δgµν(x)
− ∂λ δL(x)
δ
[
∂λgµν(x)
] − gµν(x)
2
L(x)
}
= 0 . (2.1.9)
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As Eq (2.1.9) has the general form of a motion equation for a field, we can legitimately
regard gµν(x) as the gravitational field (possibly up to a constant metric–tensor term).
Since, according to Hilbert’s definition, total EM tensor Θµν(x) is related to A by equation
Θµν(x) =
2√
−g(x)
δA
δgµν(x)
,
we see that the gravitational equation can be simply written as Θµν(x) = 0.
Now, let us decompose the total action integral in the form A = AM +AG+AV , where
AM =
∫ √−g LM(Φ, ∂λΦ, gµν) dnx ; (2.1.10)
AG = − 1
2κ
∫ √−g R(gµν , ∂λgµν) dnx ; (2.1.11)
AV = −ρvac
∫ √−g dnx ; (2.1.12)
are the action integrals respectively of matter, vacuum and geometry. Here, LM is the
Lagrangian density of the interaction of gµν with a set of matter fields Φ, R is the Ricci
scalar (with the sign convention prescribed in § 1) as a function of gµν(x) and ∂λgµν(x),
and ρvac the cosmological constant as energy density of the vacuum.
Therefore, Eq (2.1.9) yields the following variations of AM , AG and AV with respect
to the components of the gravitational field
2√−g
[
δAM
δgµν
− ∂λ
( δ AM
δ∂λgµν
)]
= 2
[
∂LM
δ gµν
− ∂λ
( δLM
δ∂λgµν
)
− gµνL
M
2
]
= ΘMµν , (2.1.13)
2√−g
[
δAG
δgµν
− ∂λ
( δAG
δ∂λgµν
)]
= −1
κ
(
Rµν − 1
2
gµνR
)
= ΘGµν , (2.1.14)
2√−g
δ AV
δgµν
= ρvac gµν = Θ
V
µν , (2.1.15)
so that we have Θµν = Θ
M
µν +Θ
G
µν +Θ
V
µν = 0, as anticipated in § 1.
Particularly important is the subgroup D∗ε ⊂ Dε of infinitesimal diffeomorphisms which
leave invariant infinitesimal scalar products (dx1, dx2) = gµν(x) dx
µ
1dx
ν
2 . These represent
the condition for Dε to leave invariant ds
2 and the angle of any two curves passing through
a point of the manifold. Therefore, for all D∗ε ∈ D∗ε , so that D∗ε: xµ → x¯µ = xµ + ε∗µ(x),
we have D∗εds
2(x) = g¯µν(x¯)dx¯
µ
1dx¯
ν
2 − gµν(x)dxµ1dxν2 = 0; and therefore, from Eq (2.1.5),
ελ(x) ∂λgµν(x)− gµλ(x) ∂νελ(x)− gνλ(x) ∂µελ(x) = 0 . (2.1.16)
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Thus, since D∗ε does not change ds(x), g¯µν(x¯) can be regarded as a slightly different
parameterization of gµν(x). In other terms, Riemann manifolds which are related by
D∗ε represent the same manifold; this allows us to regard the manifold as an objective
entity. Since D∗ε is the analog of the group of infinitesimal gauge transformations in
electrodynamics, it is called the infinitesimal gauge group of GR.
To find the conditions for ε∗λ(x) to generate an infinitesimal gauge transformation,
it is suitable to use the fundamental properties of covariant derivatives Dµ stated in the
Appendix by Eqs (A-5) (A-6), which we rearrange here in a different indexing as
Dλgµν ≡ ∂λgµν−gρµΓρλν−gρνΓρλµ = 0 , Dλgµν ≡ ∂λgµν+gµρΓνλρ+gρνΓµλρ = 0 , (2.1.17)
where Γλµν(x) are Christoffel symbols.
From Eq (2.1.16) and the first of Eqs (2.1.17), we obtain
gµλ ∂νε
∗λ + gνλ ∂µε
∗λ − ε∗λ∂λgµν =
gµλ ∂νε
∗λ + gνλ ∂µε
∗λ + gρµΓ
ρ
λνε
∗λ + gρν Γ
ρ
λµε
∗λ = 0 , (2.1.18)
from which we derive gµλ
(
∂νε
∗λ+Γλνρ ε
∗ρ
)
+ gνλ
(
∂µε
∗λ+Γλµρ ε
∗ρ
)
= 0, or, because of the
“transparency” property gµλDνX = DνgµλX described in the Appendix, the conditions
gµλDνε
∗λ + gνλDµε
∗λ = Dµε
∗
ν +Dνε
∗
µ = 0 . (2.1.19)
In a similar way, from Eq (2.1.16) and the second of Eqs (2.1.17), we obtain
gµρ ∂ρε
∗ν + gνρ ∂ρε
∗µ − gµρgνσε∗λ ∂λgρσ =
gµρ ∂ρε
∗ν + gνρ∂ρε
∗µ + gµρΓνλρε
∗λ + gνρΓµλρε
∗λ = 0 , (2.1.20)
where identities gρν∂λgµρ = −gµρ∂λgρν , gµρ gνσΓτλσgρτ = gνσΓµλσ, gµρ gνσΓτλρgστ = gµρΓνλρ,
and the second of Eq (2.1.18), have been used. Thus, putting Γµνλ ≡ gρνΓµρλ, we obtain
∂µε∗ν + Γµνλ ε
∗λ + ∂νε∗µ + Γµνλ ε
∗λ = Dµε∗ν +Dνε∗µ = 0, (2.1.21)
Similar conditions for ε∗λ(x) are equivalently described by Eqs (2.1.19) and (2.1.21).
Since gauge transformations leave invariant the objective structure of the Riemann
manifold, they also leave invariant each term of the action integral, independently of each
other. This means that equation D∗εA = 0 does not provide any link among the different
component of Θµν(x), and are therefore ineffective in producing the gravitational equation.
We must therefore reformulate the principle of GR, by stating the invariance of A with
respect to coordinate transformations which belong to factor group Dε/D∗ε .
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2.2 The principle of Conformal General Relativity and its significance
The fundamental group of a Cartan–manifold in nD is the conformal extension of the
nD Poincare´ group which, for the sake of brevity, will be called the nD conformal group.
It includes the subgroups of dilations and special conformal transformations, or elations
(term coined by Cartan in 1922), as amply described in § 1 of Part II.
Since the group of Riemann–manifold diffeomorphisms D includes conformal diffeo-
morphisms, the principle of CGR is the same as that of GR. But it differs from the latter
in that the gauge group of CGR is invariant under conformal gauge diffeomorphisms C∗
rather than metric gauge diffeomorphisms D∗.
The gauge group of conformal diffeomorphisms C∗ is obtained by combining the gauge
group D∗ of metric diffeomorphisms described in the previous subsection, with the group
of Weyl transformations, which are defined by the following action on the line element of
the Riemann manifold
ds(x)→ ds¯(x) = eβ(x)ds(x) , (2.2.1)
where β(x) is a real differentiable function of xµ. The exponential form of factor eβ(x)
is intended to ensure its positivity. Correspondingly, metric tensor gµν(x) and volume
element
√
−g(x) dnx undergo the following Weyl transformations
gµν(x)→ g¯µν(x) = e2β(x)gµν(x) ; gµν(x)→ g¯µν(x) = e−2β(x)gµν(x) ; (2.2.2)√
−g(x) dnx→
√
−g¯(x) dnx = enβ(x)
√
−g(x) dnx . (2.2.3)
As a bonus, this inclusion generates local elations automatically (Haag, 92).
By combining a gauge metric diffeomorphism D∗ ∈ D∗ with a Weyl transformation,
we obtain a conformal gauge diffeomorphism C∗ ∈ C∗, which acts on gµν(x) and
√
−g(x)
as follows
C∗: gµν(x)→ g¯µν(x¯) = e2β¯(x¯)g¯ρσ(x¯) dx
ρ
dx¯µ
dxσ
dx¯ν
, (2.2.4)
C∗:
√
−g(x)→
√
−g¯(x¯) = enβ¯(x¯)
√
−g¯(x¯) d
nx¯
dnx
. (2.2.5)
Here, x(x¯) means x as a function of x¯, and we may therefore write β¯(x¯) ≡ β[x(x¯)],
g¯µν(x¯) ≡ gµν [x(x)], g¯(x¯) ≡ g[x(x¯)] and, in general, f¯(x¯) ≡ f [x(x¯)].
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The first basic assumption of CGR is that the fundamental tensor of the Cartan man-
ifold has the general form
gˆµν(x) = e
2α(x)gµν(x) , (2.2.6)
where gµν(x) is a pseudo–Riemannian metric tensor and e
α(x) is a geometric degree of
freedom accounting for possible local changes of spacetime scale (not a gauge), both of
which are presumed to depend on the details of matter distribution and its dynamics. In
particular, gµν(x) is presumed to contain information about the gravitational forces locally
acting on the matter field, and e2α(x) information about possible dilation of geometry and
matter fields during the inflationary epoch.
To clarify the significance of this factorization, note that, by performing conformal dif-
feomorphism gˆµν(x)→ gµν(x) = gˆµν(x)/
√
−gˆ(x), we obtain
√
−g(x) = 1 and
√
−gˆ(x) =
enα(x). A metric tensor of this form is called unimodular. Therefore, provided that the met-
ric diffeomorphisms of coordinate parameters are restricted to the subgroup of coordinate
diffeomorphisms which preserve unimodularity, one degree of freedom of the fundamental
tensor can be permanently transferred from gˆµν(x) to the global scale factor e
α(x).
For consistency with the idea of inflation as a process driven by eα(x), α(x) must
depend on x through a time–like function τ(x) which defines a family of iso–dilation
surfaces τ(x) = const. If this were not so, the dilation connection of the Cartan manifold
could not be represented as the gradient of a scalar quantity. The only way to implement
this property is that to make τ(x) the length of the worldline segment stemming from
the origin x = 0 of a future light–cone and ending at a point x of the cone interior,
implying that the Cartan manifold itself is entirely confined to the interior of the future–
cone. Clearly, to satisfy this property, the factorization of fundamental tensor (2.2.6) into
a global and a local part cannot be arbitrary. Further details are given in § 6.3.
The second basic assumption is that CGR should rapidly converge to GR at the end of
the inflationary epoch, because we know that, long after the inflation epoch, the geometry
of the universe is that of GR or one very close to it. To be consistent with this assumption,
we postulate that eα(x) was very small at the beginning of the inflation epoch, then rapidly
increasing and converging to one during the transition to the post–inflationary era. In
other terms, α(x) must initially be negative, then it must increase and converge to zero
at the end of inflationary epoch. In order for this to occur, the action integral of CGR
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must have a suitable structure, which is in fact possible, as we shall see in the following
sections. It is thus clear that the preliminary question about CGR is whether these
properties can be effectively implemented in a suitable field theory. The main result of
the study reported in this Part I is that the answer to this question is not only positive,
but also quantitatively satisfying, provided that the matter primarily generated by the
inflation process is a Higgs–boson field. Further details are given in § 5.
The third basic assumption of CGR is that unimodular metric tensor gµν has the form
gµν(x) = γµν(x) + hµν(x) , with det[γµν(x)] = det[γµν(x) + hµν(x)] = 1 . (2.2.7)
Here, γµν(x) is the metric tensor representing the average geometry of the universe as
determined by the overall distribution of matter (see § 6.1), and hµν(x) represents the
gravitational field as a deviation from γµν(x) determined by the local details of matter
distribution. If hµν(x) are so small that they can be regarded as an infinitesimal pertur-
bation of γµν(x), the second part of Eq (2.2.7) implies g
µν(x)hµν(x) ≃ γµν(x)hµν(x) = 0.
2.3 Conformal General Relativity on a Cartan manifold
The convergence of CGR to GR at the post–inflationary limit suggests a method for
inferring CGR action integrals from GR action integrals. Remaining unspecified in this
inference are the properties that a GR action integral should have in order to satisfy the
basic assumptions about CGR discussed in the previous subsection. In this subsection, we
limit ourselves to describing the method for the sole purpose of showing in advance some
conceptual difficulties that the reader may encounter in dealing with the mathematical
formalism of CGR.
Henceforth, to distinguish the mathematical formalisms of GR from that of CGR,
we adopt the following convention: all quantities related to or grounded in the Cartan
manifold are superscribed by a hat.
The prominent characteristic of Cartan manifold representations is that scale factor
eα(x) can be interpreted as the physical promoter of spacetime–scale expansion and matter
generation. This is possible in CGR because each physical field Ψ of GR is replaced by its
inflated counterpart Ψˆ(x), defined by the Weyl transformation
Ψ(x)→ Ψˆ(x) = ewΨ α(x)Ψ(x) , (2.3.1)
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where wΨ is the dimension, or weight, of Ψ, as if during inflation all fields were subjected to
a sort of continuous renormalization. The transition from a Riemann to a Cartan manifold
deeply alters the structure of action integrals, partly because all basic quantities and
operators of standard tensor calculus – namely, manifold parameters xµ, partial derivatives
∂µ ≡ ∂/∂xµ, metric tensor gµν , covariant derivatives Dµ, Christoffel symbols Γλµν , Ricci
tensor Rµν , Ricci scalar R, etc. – are respectively replaced by their conformal (tilde)
counterparts. These depend on both the standard tensors of GR and the scale factor
eα(x), as described by Eqs (A-15) to (A-28) and hereafter briefly listed:
gµν(x)→ gˆµν(x) = e2α(x)gµν(x) ;
√
−g(x)→
√
−gˆ(x) = enα(x)
√
−g(x) ;
Dµ → Dˆµ ; Γλµν(x)→ Γˆλµν(x) ; Rµν(x)→ Rˆµν(x); R(x)→ Rˆ(x) .
With these replacements, the action–integrals of matter, vacuum and geometry AM , AG
and AV described by Eqs (2.1.10)–(2.1.11) are replaced by:
AˆM =
∫ √
−gˆ LˆM(gˆµν , Ψˆ, ∂λΨˆ) dnx ; (2.3.2)
AˆG = − 1
2κ
∫ √
−gˆ Rˆ(gˆµν , ∂λgˆµν) dnx ; (2.3.3)
AˆV = −ρvac
∫ √
−gˆ dnx . (2.3.4)
It is thus evident that, when eα(x) converges to 1 at the end of the inflation epoch, all hat
quantities of CGR converge to the homologous standard quantities and action integrals of
GR. Correspondingly, the EM tensors on the Cartan manifold
ΘˆXµν(x) =
2√
−gˆ(x)
[
δAˆX
δgˆρσ(x)
− ∂λ δAˆ
X
δ ∂λgˆρσ(x)
]
, (2.3.5)
where X stands for M , G or V , also converge to their homologous ΘXµν(x) of GR. This
makes sense because AˆM , AˆG and AˆV preserve the formal properties of AM , AG and AV .
Since the way of passing from GR to CGR is so simple, the structure of CGR may
seem rather simple, after all. In fact, this is not so, because all complications related to
scale–factor variability remain hidden. The main advantage of this approach to CGR is
that the expression of the inflated action integral preserves the same form as that of GR.
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2.4 Conformal General Relativity on a Riemann manifold
In this subsection, we introduce an equivalent approach to CGR, which is more suitable for
practical computations, although less immediate as regard to physical interpretation. It
consists of transferring the role played by the scale factor eα(x) of the fundamental tensor
(2.2.6) to a scalar field σ(x) = σ0e
α(x), where σ0 is a constant of dimension −1, to be
interpreted as the promoter of the inflation process. Let us call it the dilation field. The
theory of CGR is thus grounded in a Riemann manifold of metric tensor gµν(x), which
imparts mathematical simplification and manifest conformal symmetry to the theory.
To realize how far–reaching this change of view is, let us consider what happens to the
geometry action integral AˆG introduced in the previous subsection when the scale factor
is regarded as a field. Using Eq (A-21) of the Appendix, we obtain√
−gˆ Rˆ = √−g enα{e−2αR− (n− 1) e−4α[(n− 6)(∂ρeα) ∂ρeα + 2Dµ(eα∂µeα)]},
which converges to the Lagrangian density
√−g(x)R(x) of AG as eα(x) converges to 1.
In particular, for n = 4, we have
√−gˆ Rˆ = √−g [e2αR + 6 (∂ρeα) ∂ρeα − 6Dµ(eα∂µeα)].
Therefore, by replacing eα(x) with σ(x)/σ0, Eq (2.3.3) takes the form
AˆG = − 1
2κ
∫ √
−gˆ(x) Rˆ(x) d4x = − 6
κσ20
∫ √−g [1
2
gρτ (∂ρσ)(∂τσ) +
σ2R
12
]
d4x ,
where we have removed the surface term
√−g Dµ
(
σ∂µσ
) ≡ ∂µ(√−g σ∂µσ) by integration;
this equivalence being due to the covariant–divergence properties described in Eqs (A-7).
Thus, if we put σ0 =
√
6/κ ≡ √6MrP ≃ 5.9654×1018 GeV, A˜G takes the simple form
AG = −
∫ √−g [1
2
gρτ (∂ρσ) ∂τσ +
σ2R
12
]
d4x ,
which represents the conformal–invariant Lagrangian density of a ghost scalar field σ(x)
interacting with the gravitational field through the term σ2R/12. AˆG is renamed AG, as
the integration is carried out on a Riemann manifold. This result, which is only possi-
ble in four spacetime dimensions, looks like a mathematical miracle, which confirms the
importance of conformal symmetry in the theory of gravitation.
Performing analogous substitutions in AˆM and AˆV , we find that all constants with
dimension k must be multiplied by [σ(x)/σ0]
k. In particular: all mass termsmk which may
appear in the Lagrangian density are replaced by a mk σ(x)/σ0, fields Ψˆ(x) of dimension n
are replaced by
[
σ(x)/σ0
]n
Ψ(x) and ρvac is replaced by ρvac[σ(x)/σ0]
n. It is then clear that
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AˆV cannot be interpreted as the energy density of the vacuum but rather as a contribution
to the energy density of geometry.
Despite the presence of the gravitational coupling constant κ ≡M−2rP and other possible
dimensional constants, the total action integral Aˆ = AˆM + AˆG+ AˆV grounded in a Cartan
manifold is equivalent to a total action integral A, grounded on a Riemann manifold, which
is free from dimensional parameters but in which a new field σ(x) appears.
In § 3, we prove that A is manifestly invariant under the group of local conformal
transformations. Because of this overall symmetry, the study of the behavior of matter
and geometry during the inflationary epoch is greatly facilitated.
The possible interaction of σ(x) with all other fieldsΨ(x) of the theory and gµν(x) may
result in a total Lagrangian density, in which clear–cut separation into three components
AM , AG, AV is no longer possible. For this reason, with all generality we may express the
conformal–invariant action integral derived from A˜ in the form
A =
∫ √
−g(x)L(x) d4x ≡
∫ √−g L(σ, ∂λσ,Ψ, ∂λΨ, gµν , ∂λgµν) d4x . (2.4.1)
In summary, the total action integral of CGR can be expressed in two different but
equivalent ways: either as a functional Aˆ of hat quantities grounded in a Cartan manifold of
fundamental tensor gˆµν(x), and containing several dimensional constants, or as a functional
A of non–tilde quantities and dilation field σ(x) entirely free of dimensional constants and
grounded in a Riemann manifold of metric tensor gµν(x).
The relations between GR, CGR on Cartan manifold (CM) and CGR on Riemann
manifold (RM) condense into the diagram
✒
GR
eα(x)→1 ■
✲
σ(x)→σ0
✛CGR on Cartan manifold
equivalent
CGR on Riemann manifold.
The possibility of two equivalent representations mark a substantial difference between
CGR and GR. In § 4 of Part II, we discuss how and why these representations are related
to different interpretations of physical events with respect to inertial reference frames,
themselves undergoing the effects of the inflationary scale expansion and with respect to
those of the post–inflationary era, which behave as described in GR.
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3 Conformal–invariant action integrals
In CGR on nD Riemann manifold, field dimensions are determined by the condition that
the dimension of conformal–invariant action integrand
√
−g(x)L(x), where L(x) is a
Lagrangian density, is zero. Accordingly, scalar fields have dimension 1− n/2 and spinor
fields dimension (1 − n)/2. Since spacetime parameters xµ have dimension zero, partial
derivatives ∂µ also have dimension zero. Note that, since ds
2(x) = gµν(x) dx
µdxν has
dimension 2, gµν(x) has dimension 2,
√−g(x) dimension n and Ricci scalar R(x) dimension
−2. For consistency with expressions such as ∂µ − igAµ(x), covariant gauge fields Aµ(x)
have dimension zero. However, since gµν(x) has dimension −2, by virtue of equation
gµλ(x) gλν(x) = δ
µ
ν , contravariant gauge fields Aµ(x) have dimension −2, etc.
To state the main properties of conformal invariant action integrals, the following little
theorem is of help:
A necessary (but not sufficient) condition for the action integral of a Lagrangian density
L(x), grounded on a nD Riemann manifold of metric tensor gµν(x), to be conformal
invariant is not only that it is free of dimensional constants – which is quite obvious since
conformal invariance implies global scale–invariance – but also that the trace Θ(x) =
gµν(x)Θµν(x) of its EM tensor Θµν(x) vanishes.
Proof: Let A =
∫ √−g(x)L(x) dnx be the action integral. Conformal invariance
implies the vanishing of the variation of A under infinitesimal Weyl transformations of the
form
gµν(x)→ gµν(x) + δǫ gµν(x) ≡ gµν(x)− 2 ǫ(x) gµν (x) ,
where ǫ(x) is an arbitrary infinitesimal function of x. We therefore have
δǫA = −2
∫ √
−g(x) ǫ(x) gµν(x)Θµν(x) dnx = −2
∫ √
−g(x) ǫ(x)Θ(x) dnx = 0 ,
from which equation Θ(x) = 0 follows.
3.1 Action integrals of gauge fields are conformal invariant only in 4D
Proof: The Lagrangian density of a covariant Yang–Mills field AYMµ in nD is
LYM = −1
4
Tr[F µνF
µν ] , with F µν = τ aF
a
µν , F
a
µν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcµ ,
R.Nobili, The Conformal Universe I 18
where τ a are group–generator matrices, f
a
bc group structure constants and g the interaction
constant, implying that the action integral has dimension n−4. The symmetric EM tensor
and its trace are respectively
ΘYMµν = −
1
4
Tr[F µλF
λ
ν ] +
1
4
gµνTr[F µνF
µν ] , ΘYM =
(n
4
− 1
)
Tr[F µν F
µν ] .
It is thus evident that conformal invariance holds only for n = 4.
3.2 Action integrals of massless spinor fields are conformal invariant in
any dimension
Proof: The Lagrangian density of a free fermion field ψ of mass M on the Riemann
manifold has the form
LF =
i
2
[
ψ¯( /Dψ)− ( /Dψ)ψ
]
+Mψ¯ψ , with /Dψ(x) = γµ(x)
[
∂µ + Γµ(x)
]
ψ(x) ,
with γµ(x) = γaeµa(x), where γa are the Dirac matrices in nD and e
µ
a(x) the “soldering
forms”, i.e., the nD analogs of tetrads in 4D. Γµ(x) are the (anti–Hermitian) spin matrices,
which are necessary to make partial derivatives ∂µ covariant [24] [25], and ( /Dψ) and ψ¯
are the covariant Hermitian–conjugate of /Dψ and ψ, respectively. The motion equation
is therefore i /D ψ(x) =Mψ(x) and the EM tensor is
ΘFµν =
i
4
[
ψ¯γµ /Dνψ + ψ¯γν /Dµ ψ − ( /Dµψ)γνψ + ( /Dνψ)γµψ
]
.
By index contraction of ΘFµν , and exploitation of motion equations, we immediately obtain
the trace ΘF =Mψ¯ψ, clearly implying conformal invariance for M = 0 for any n.
Since for a gauge–field multiplet Aaµ(x) and a spinor–field multiplet ψ(x), the expression
Aaµ(x)ψ¯(x)τ aγ
µ(x)ψ(x) is conformal invariant, it is easy to prove that conformal–invariant
Lagrangian densities of spinor fields interacting with gauge fields exist only in 4D.
3.3 Action integrals of scalar fields in a curved spacetime are conformal
invariant only in 4D
Proof: In nD, the more general Lagrangian density of a scalar field ϕ, with self–interaction
constant c, interacting with the gravitational field through the metric tensor gµν(x) and
its derivatives, and free from dimensional constants, has the general form
L(ϕ) =
1
2
[
gµν(∂µϕ) ∂νϕ+ aϕ
2R− c(n− 2)
n
ϕ2n/(n−2)
]
,
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where is R the Ricci scalar and a a suitable real constant.
The motion equation of ϕ(x) is
D2ϕ− aRϕ+ cϕ(n+2)(n−2) = 0 , (3.3.1)
where D2 = DµDµ and Dµ are respectively the covariant d’Alembert operator and the
covariant derivatives constructed out of gµν . The (improved) EM tensor [26] is
Θ(ϕ)µν = (∂µϕ) ∂νϕ−
gµν
2
[
gρσ(∂ρϕ) ∂σϕ− c(n− 2)
n
ϕ2n/(n−2)
]
+
a
(
gµνD
2 −Dµ∂ν
)
ϕ2 + aϕ2
(
Rµν − 1
2
gµνR
)
;
where Eq (A-11) of Appendix is exploited, an integration by parts is performed, and a
surface term is suppressed.
By contraction with gµν and using motion equation (3.3.1), we see that the trace of
the EM vanishes only if a = (n − 2)/4(n − 1), which implies that the action integral can
be conformal invariant only if the Lagrangian density has the general form
L(ϕ) =
1
2
[
gµν(∂µϕ) ∂νϕ+
n− 2
4 (n− 1) Rϕ
2 − c (n − 2)
n
ϕ2n/(n−2)
]
.
Weyl transformations ϕ(x) → ϕ¯(x) = e−β(x)ϕ(x), gµν(x) → g¯µν(x) = e−2β(x)gµν(x),√
−g(x) →
√
−g¯(x) = enβ(x)
√
−g(x) and the first of (A-18), with R¯ in place of Rˆ and
β(x) in place of α(x), i.e., R¯ = e−2βR − (n − 1) e−4β[(n − 4)(∂ρeβ) ∂ρeβ + 2 eβD2eβ],
produce the transformation
√−g L(ϕ) → √−g¯ L¯(ϕ) = √−g e(n−4)β[L(ϕ) +∆L(ϕ)], where
∆L(ϕ) = ϕ2(∂µβ) ∂
µβ − (∂µβ) ∂µϕ2 − n− 2
2
ϕ2e−βD2eβ − (n − 4)(n − 2)
4
ϕ2(∂µβ) ∂
µβ.
Using the identity Dµ
(
ϕ2e−β∂µeβ
)
= ϕ2e−βD2eβ +(∂µβ) ∂
µϕ2−ϕ2(∂µβ) ∂µβ and the
covariant–divergence property
√−gDµ
(
ϕ2e−β∂µeβ
) ≡ ∂µ(√−g ϕ2e−β∂µeβ) stated in Eqs
(A-7), we immediately realize that, if R 6= 0, ∆L(ϕ) is a surface term if and only if n = 4.
Instead, if R = 0, then it is β = 0 and consequently ∆L(ϕ) = 0. In this case, L(ϕ) is
conformal invariant in any dimension.
In summary, the type of conformal–invariant Lagrangian density of a scalar field ϕ in
a curved spacetime is only possible in 4D and has the general form
L(ϕ) =
1
2
gµν(∂µϕ) ∂νϕ+
R
12
ϕ2 − λ
4
ϕ4 , (3.3.2)
where λ is a suitable constant. The motion equation of ϕ(x) is thenD2ϕ−Rϕ/6+λϕ3 = 0.
Since for a scalar field ϕ(x) and a spinor field ψ(x), the expression
√
−g(x)ϕ(x)ψ¯(x)ψ(x)
is conformal invariant, it is easy to prove that conformal–invariant Lagrangian densities
of spinor fields interacting with scalar fields are only possible in 4D.
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3.4 The action integral of a ghost scalar field has a geometric meaning
Based on the results of the previous subsection, we might think that a gravitational equa-
tion similar to that of GR comes spontaneously into play, provided that ϕ has a non–zero
vacuum expectation value (VEV). Unfortunately, in this way the gravitational coupling
constant would have the wrong sign, i.e., the gravitational field would be repulsive.
Instead, let us assume that the action integral is negative, i.e., it has the form
A(σ) = −
∫ √−g
2
[
gµν(∂µσ) ∂νσ +R
σ2
6
+
λ¯
2
σ4
]
d4x , (3.4.1)
with λ¯ a real constant and σ(x) always positive (this is admissible because the motion
equation is invariant under σ → −σ). Therefore, without loss of generality, we can put
σ(x) = σ0 e
α(x) with σ0 > 0. Note that, if λ¯ > 0, the potential–energy density λ¯ σ
4(x)/4
is always positive, which may play an important role in moderating the infinite growth
of σ(x) in suitable dynamic conditions. Since the kinetic energy of A(σ) is negative, σ(x)
carries negative kinetic energy. Therefore it cannot be regarded as a physical field, but
rather as a ghost scalar field potentially invested with geometric meaning. Since it causes
the violent expansion of the geometric scale, we call it the dilation field.
Note: It is generally believed that the introduction of a scalar ghost in a quantum field
theory should cause the violation of S–matrix unitarity. In fact, this does not occur if the
ghost interacts with a physical scalar field so as to make the spectrum of the Hamiltonian
bounded from below [27]. An interaction of this sort will be introduced in § 5.
The Ricci–scalar factor of Eq.(3.4.1) now has the right sign for gravity to be attractive.
Even better, let us put σ0 =
√
6/κ =
√
6MrP ≃ 5.9654 × 1018GeV, where κ is the
gravitational coupling constant and perform the following Weyl transformations: gµν(x)→
gˆµν(x) = e−2α(x)gµν(x),
√
−g(x) →
√
−gˆ(x) = e4α(x)
√
−g(x), for any local quantity
Qn(x) of dimension n, Qn(x) → Qˆn(x) = enα(x)Qn(x) and, in particular, σ(x) → σˆ(x) =
e−α(x)σ(x) ≡ σ0. With these replacements A(σ) is transformed into
Aˆ(σ0) = −
∫ √−gˆ(x)
2κ
Rˆ(x) d4x− λ¯ σ
4
0
4
∫ √
−gˆ(x) d4x . (3.4.2)
which is formally, but not substantially, equal to the corresponding expression for the
Einstein–Hilbert action–integral of standard GR. Then, to the limit eα(x) → 1, the term
proportional to λ¯ σ40/4, if it is not canceled by other terms, gives an improper contribution
to the cosmological constant.
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Thus, the conformal–invariant action integral A(σ) grounded in the Riemann manifold
takes the form of a non–conformal–invariant action integral Aˆ(σ0), for gravity and vac-
uum, grounded on the Cartan manifold. Note that choosing the positive sign for σ0 is
formally equivalent to assuming the spontaneous breakdown of conformal symmetry, in
such a way that the degree of freedom of the ghost scalar field is incorporated into the
determinant of the fundamental tensor on the Cartan manifold. We therefore have the
following remarkable result:
For n = 4, and only for n = 4, the conformal–invariant action integral of a positive
scalar–ghost field σ(x) = σ0e
α(x) on a Riemann manifold of metric gµν(x) is equivalent to
a non–conformal–invariant action integral on a Cartan manifold with fundamental tensor
gˆµν(x) = e
2α(x)gµν(x), in which the dimensional constant σ0 plays the role of conformal–
symmetry–breaking parameter.
Unfortunately, Eq.(3.4.1) makes sense only if it is part of a more complex action in-
tegral, as the solution for σ(x) to the motion equation derived from A(σ) is divergent.
This raises the question of how the expression of A(σ) could be appropriately included in
a more general action integral in order for the equation for σ(x) to be convergent. More
general sorts of conformal–invariant geometry action–integrals on 4D Riemann manifold
may include a negative term proportional to the squared Weyl tensor C2(x), of the form
described by Eq.(A-29) of the Appendix, and a conformal–invariant potential–energy den-
sity term V (σ2,ϕ), where ϕ is a suitable subset of all physical fields accounting for any
interactions between geometry and matter. That is, we assume that V (σ2,ϕ) should van-
ish if σ or ϕ vanish. In view of this, it is suitable to represent the totality of all matter
fields by (ϕ,Ψ), where Ψ stands for the subset of matter fields different from ϕ.
V (σ2,ϕ) is of degree two in σ since, otherwise, motion equations may permit σ to
change sign in the course of time, which would make it impossible to assume σ(x) =
σ0 e
α(x). Therefore, conformal–invariant interactions of fermions with σ must be excluded
because such interactions are linear in σ.
Quadratic couplings with zero–mass vector fields as, for instance, σ2gµνAaµA
b
ν , must
also be excluded, because a gauge–vector field cannot incorporate a scalar ghost as longi-
tudinal spin component via the Englert–Brout–Higgs mechanism [28] [29]. Thus, V (σ2,ϕ)
can only depend on a set of real and/or complex massless scalar fields ϕ = {ϕ1, ϕ2, . . . ϕN}.
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Since all ϕi have dimension one, the only possibility is to put V (σ
2,ϕ) = 12σ
2cijϕ∗iϕj ,
where [cij ] is a suitable N ×N matrix (summation over repeated indices being implied).
In summary, the most general expression of a conformal–invariant geometry action–
integral on the Riemann manifold must have the form
A(σ,ϕ) = −
∫ √−g
2
[
gµν(∂µσ) ∂νσ +
(
R
6
− cijϕ∗iϕj
)
σ2 +
λ¯
2
σ4
]
d4x , (3.4.3)
where ϕi are massless scalar fields. Here, the Lagrangian–density term proportional to the
conformal–curvature tensor C2(x), as described by Eq.(A-29) of the Appendix, is excluded
for the reasons explained at the end of the Appendix.
Applying the Weyl transformations described in § 2.2 of the Appendix and already used
in Eq.(3.4.1), we obtain the the most general expression of the geometry action–integral
on the Cartan manifold
Aˆ(σ0,ϕˆ) = −
∫ √
−gˆ
[
1
2κ
Rˆ− 1
2
σ20 c
ij ϕˆ∗i ϕˆj +
λ¯
2
σ40
]
d4x . (3.4.4)
In this representation, the conformal symmetry of A(σ,ϕ) appears explicitly broken by
the dimensional constant σ0. Since the explicit dependence of the action integral on the
dilation field has now disappeared, we may safely move the Lagrangian–density terms
1
2σ
2
0c
ijϕˆ∗i ϕˆj and − λ¯2 σ40 to the matter Lagrangian density.
As regards the action integral of matter on the Riemann manifold, let us denote by
A(ϕ,Ψ) the part of total action integral which depends on all physical fields (ϕ,Ψ), i.e.,
not on σ(x) via V (σ2,ϕ), and by L(ϕ,Ψ)(x) its Lagrangian density. We then have
A(ϕ,Ψ) =
∫ √
−g(x)L(ϕ,Ψ)(x) d4x , (3.4.5)
as well as the corresponding action integral on the Cartan manifold
Aˆ(ϕˆ,Ψˆ) =
∫ √
−gˆ(x) Lˆ(ϕˆ,Ψˆ)(x) d4x . (3.4.6)
The most general form of total action integral of matter and geometry on the Riemann
and Cartan manifolds can then be respectively written as
A = A(ϕ,Ψ) +A(σ) −
∫ √
−g(x) V[σ2(x),ϕ(x)] d4x ; (3.4.7)
Aˆ = Aˆ(ϕˆ,Ψˆ) + Aˆ(σ0) −
∫ √
−gˆ(x)V[σ20, ϕˆ(x)] d4x ; (3.4.8)
with A(σ) and Aˆ(σ0) defined by Eqs. (3.4.1) and (3.4.2).
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Let us summarize here the most important aspects of the results so far achieved:
– Conformal invariance and the 4-dimensionality of spacetime are closely related, since
non–trivial semiclassical conformal–invariant action–integrals in a curved spacetime
exist only in 4D.
- Einstein’s GR can be incorporated into CGR, provided that conformal symmetry is
spontaneously broken.
– Matter-field Lagrangian densities on the Riemann and Cartan manifolds maintain
the same algebraic form, all quantities being replaced by hat quantities, whereas the
form of the geometric Lagrangian density changes considerably.
– In 4D, and only in 4D, the conformal symmetry of a conformal–invariant action
integral on a Riemann manifold containing a scalar ghost field σ(x) = σ0e
α(x),
σ0 > 0, breaks down spontaneously to an Einstein–Hilbert action integral on the
Cartan manifold, with g(x) = −[σ(x)/σ0]8 playing the role of the determinant of
the fundamental tensor. Dimensional constant σ0, which works as the conformal
symmetry-breaking parameter, is related to gravitational constant κ by equation
σ20 = 6/κ = 6M
2
rP .
4 Continuity equation for energy–momentum tensors
In this subsection, we prove that the invariance under diffeomorphisms of the GR action
integral A, described in § 2.1, not only entails the gravitational equation, as already proven,
but also the continuity equation for the total EM tensor stated by covariant divergence
equation DµΘµν(x) = 0.
If A depends not only on the set of internal fields Φ(x) but also on a set of external
fields Ψ(x) = {Ψ1(x),Ψ2(x), . . . ,Ψm(x)}, the action integral can be written as
A =
∫ √−g L(gµν , ∂λgµν ,Φ, ∂λΦ) d4x−
∫ √−g U(Φ,Ψ) d4x ; (4.0.1)
where L(x) ≡ L(gµν , ∂λgµν ,Φ, ∂λΦ) is the Lagrangian density described in § 2.1 and
U(x) ≡ ∆L(Φ,Ψ) is the potential–energy density accounting for Φ–Ψ interaction.
We need to know what the form of the continuity equation is in this case.
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Under the action of an infinitesimal diffeomorphism δεx
µ of manifold coordinates,
gµν(x) and ∂λg
µν(x) undergo the variation stated by Eq.(2.1.6) and Ψi(x) the variations
δεΨj(x) = ε
µ(x) ∂µΨj(x) . (4.0.2)
We can therefore express the invariance of A under arbitrary diffeomorphisms by
δεA =
∫
δA
δgµν(x)
δεg
µν(x) d4x+
∫
δA
δΨj(x)
δεΨj(x) d
4x = 0. (4.0.3)
Performing the variations of the single terms and removing the surface terms, we obtain
δεA
δεgµν(x)
=
δ
[√−g(x)L(x)]
δgµν(x)
− ∂λ
δ
[√−g(x)L(x)]
δ[∂λgµν(x)]
≡
√−g(x)
2
Θµν(x); (4.0.4)
δεA
δεΨj(x)
= −
√
−g(x)F j(x); (4.0.5)
where Θµν(x) is the EM tensor of L(x) (according to Hilbert’s definition) and F i(x) are
the local forces generated by the spacetime variations of external fields.
The principle of GR thus yields
δεA =
∫ √
−g(x)
{
1
2
Θµν(x) δεg
µν(x)− [F i(x) ∂µΨj(x)]εµ(x)
}
d4x = 0 . (4.0.6)
Now note that, inserting the second of Eqs (2.1.17) into Eq (2.1.6), we obtain
δεg
µν(x) =
[
gµρ(x)Γνλρ(x) + g
νρ(x)Γµλρ(x)
]
ελ(x) + gµρ(x)∂ρε
ν(x) + gνρ(x)∂ρε
µ(x) , (4.0.7)
so that, exploiting the index symmetry of Θµν(x), we find the following equations
1
2
√
−g(x)Θµν(x) δεgµν(x) =
√
−g(x)Θρ
· ν(x)
[
∂ρε
ν(x) + Γσλρ(x) ε
λ(x)
]
=
∂ρ
[√−g(x)Θρ
· ν(x) ε
ν(x)
]−Dρ[√−g(x) Θρ· ν(x)]εν(x) ,
where Dρ
[√−g(x) Θρ· ν(x)] ≡ ∂ρ[√−g(x)Θρ· ν(x)] −√−g(x) Γσρν(x)Θρ· σ(x) is used in the
second step. Inserting this into Eq (4.0.6), and removing the surface term, we obtain
δεA = −
∫ √
−g(x)
[
DµΘµν(x)−F i(x) ∂µΨi(x)
]
εν(x) d4x = 0 ,
from which we can extract the generalized continuity equation
DµΘµν(x) = F i(x) ∂νΨi(x) . (4.0.8)
Clearly, the left side of this equation represents the power delivered by the external fields
in the form of a source term for EM–current density Θµν(x).
These results can be extended to CGR, in which case Θˆµν(x) is replaced by the con-
formal EM tensor defined by Eq.(2.3.5), Dµ by Dˆµ, as shown by Eqs.(A-26) and (A-28)
of the Appendix, Eq.(4.0.8) by DˆµΘˆµν(x) = Fˆ i(x) ∂µΨˆi(x), and Eq.(4.0.7) by
δεgˆ
µν(x) =
[
gˆµρ(x)Γˆνλρ(x) + gˆ
νρ(x)Γˆµλρ(x)
]
ελ(x) + gˆµρ(x)∂ρε
ν(x) + gˆνρ(x)∂ρε
µ(x).
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4.1 Energy–momentum transportation
Let AA0 and A
B
0 be the action integrals of two non–interacting scalar fields ϕ
A(x) and
ϕB(x) grounded in the same Riemann manifold, LA0 (x) and L
B
0 (x) their respective La-
grangian densities, ΘA0µν(x) and Θ
B
0µν(x) their respective EM tensors. As proven in
the previous section, invariance of AA0 and A
B
0 under manifold diffeomorphisms entails
continuity equations DµΘA0µν(x) = 0 and D
µΘB0µν(x) = 0. We need to study how
these equations change when the two fields interact through a potential–energy den-
sity term U(x) ≡ U[ϕA(x), ϕB(x)] obeying conditions U[ϕA(x), 0] = U[0, ϕB(x)] = 0.
In this case, the total action integral, Lagrangian density and EM tensor become re-
spectively: A = AA0 + A
B
0 −
∫ √−g(x)U(x) d4x, L(x) = LA0 (x) + LB0 (x) − U(x) and
Θµν(x) = Θ
A
0µν(x) + Θ
B
0µν(x) + gµν(x)U(x), and the continuity equation takes the form
DµΘµν(x) = D
µΘA0µν(x) +D
µΘB0µν(x) + ∂νU(x) = 0 . (4.1.1)
Therefore, using equation
∂νU(x) =
∂U(x)
∂ϕA(x)
∂νϕ
A(x) +
∂U(x)
∂ϕB(x)
∂νϕ
B(x) ,
we can split Eq (4.1.1) as follows
[
DµΘA0µν(x) +
∂U(x)
∂ϕB(x)
∂νϕ
B(x)
]
+
[
DµΘB0µν(x) +
∂U(x)
∂ϕA(x)
∂νϕ
A(x)
]
= 0 . (4.1.2)
If we now regard ϕB(x) and ϕA(x) respectively as the external fields of action integrals
AA = AA0 −
∫ √−g(x)U(x) d4x and AB = AB0 − ∫ √−g(x)U(x) d4x, separately consid-
ered, then, based on the arguments discussed in the previous section and, in particular, on
Eq.(4.0.8), we can identify FB(x) with −δU(x)/δϕB (x) and FA(x) with −δU(x)/δϕA(x),
separate the terms in squared brackets of Eq (4.1.2) and write the non–conservative con-
tinuity equations as
DµΘAµν(x) = FB(x) ∂νϕB(x) ; DµΘBµν(x) = FA(x) ∂νϕA(x) . (4.1.3)
The second members of this equation can be interpreted as the amount of EM-tensor charge
locally exchanged between ΘBµν(x) and Θ
A
µν(x) during the ϕ
A(x)–ϕB(x) interaction.
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5 Geometry–to–matter energy–transfer needs a Higgs field
According to the results of the previous subsection, we can now easily determine the
mechanism of energy transfer from geometry to matter. Let us reconsider the complete
action integral of matter and geometry introduced in Eq (3.4.7), i.e.,
A = A(ϕ,Ψ) +A(σ) −
∫ √
−g(x)V (x) d4x ,
where A(ϕ,Ψ) is the action integral of matter described in Eq (3.4.5), A(σ) is the action
integral of geometry described in Eq (3.4.1) and V (x) = 12 gµν(x)σ
2(x) cijϕ∗i (x)ϕj(x) is
the potential–energy density accounting for the interaction of ghost scalar field σ(x) with
a n real and/or complex scalar fields {ϕ1(x), . . . , ϕn(x)}. The EM tensor of A is thus:
Θµν(x) = Θ
(ϕ,Ψ)
µν (x) + Θ
(σ)
µν (x) +
1
2
gµν(x)σ
2(x) cijϕ∗i (x)ϕj(x) ,
where Θ
(ϕ,Ψ)
µν (x) and Θ
(σ)
µν (x) are the contributions to Θµν(x) respectively from action
integrals A(ϕ,Ψ) and A(σ) and [cij ] is a hermitian matrix. In accordance with Eq (4.1.1),
the EM conservation equation has the form
DµΘµν(x) = D
µΘ(ϕ,Ψ)µν (x) +D
µΘ(σ)µν (x) +
1
2
∂ν σ
2(x) cijϕ∗i (x)ϕj(x) = 0 . (5.0.1)
As described in the previous subsection, we can extract from A the partial action
integrals
AM = A(ϕ,Ψ) −
∫ √
−g(x)V (x) d4x, AG = A(σ) −
∫ √
−g(x)V (x) d4x , (5.0.2)
to be interpreted respectively as the action integral of matter interacting with σ(x), now
regarded as an external field, and that of geometry interacting with {ϕ,ϕ∗}, now regarded
as external fields. In conformity with Eqs (4.1.3), we can then split Eq (5.0.1) as follows,
DµΘM (x) =
1
2
σ2(x) cij∂ν
[
ϕj(x)ϕ
∗
j (x)
]
, DµΘGµν(x) =
1
2
cij ϕ∗i (x)ϕj(x) ∂νσ
2(x), (5.0.3)
respectively describing the rates of EM transfer from geometry to matter and vice versa,
the first of which is always positive, provided that all the eigenvalues of [cij ] are positive.
It is therefore evident that, in order for CGR to approach GR at the infinite time limit,
the second members of Eqs (5.0.3) must approach zero at the same limit, implying that
both σ(x) and ϕi(x) tend to become constant in the course of time.
To clarify this point, let us focus on a conformal–invariant action integral in which
only {ϕi, ϕ∗i } and σ exist, namely, an action integral of the general form
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A =
∫ √−g
2
[
gµνδij(∂µϕ
∗
i )(∂νϕj)−Q(ϕ,ϕ∗) +
R
6
δijϕ∗iϕj +
σ2cijϕ∗iϕj − gµν(∂µσ)(∂νσ)−
λ¯
2
σ4 − R
6
σ2
]
d4x (i, j = 1, 2 . . . N) ,
where δij is the Kronecker delta and Q(ϕ,ϕ∗) is a real polynomial of fourth degree in ϕi
and ϕ∗i , which represents self–interactions and possible mutual interactions of these fields.
Since many different choices are a priori possible for cij and Q(ϕ,ϕ∗), in the absence
of any sufficient reason in favor of a particular choice, we invoke the heuristic principle of
maximum symmetry of fundamental laws by assuming that all ϕi are complex, c
ij = c δij ,
Q(ϕ,ϕ∗) = 12 λ |ϕ|4, where |ϕ|2 = δijϕ∗iϕj =
∑
i |ϕi|2, with c and λ suitable real constants.
This makes it possible that 2N − 1 massless degrees of freedom of vector ϕ play the role
of Nambu–Goldstone bosons giving mass to gauge vector–fields. Hence we have
A =
∫ √−g
2
[∑
i g
µν(∂µϕ
∗
i )(∂νϕi)−
λ
2
|ϕ|4 + c σ2|ϕ|2 − λ¯
2
σ4 +
R
6
(|ϕ|2 − σ2)− gµν(∂µσ)(∂νσ)
]
d4x , (5.0.4)
from which we derive the motion equations
D2σ − R
6
σ − λ¯ σ3 + c σ |ϕ|2 = 0 ; D2ϕi − R
6
ϕi + λ |ϕ|2ϕi − c σ2ϕi = 0 and c.c.
Temporal convergence to constant values of σ and ϕi for arbitrary initial states is
possible provided that R also converges to a constant and c |ϕ|2−λ¯ σ2 = λ|ϕ|2−c σ2 = R/6.
Hence, either c = λ = λ¯ and R = 0, or λ¯ = c2/λ and R 6= 0. However, in both cases,
we find that the potential–energy density of σ–ϕ interaction has the general form
U
(
σ,ϕ
)
=
λ
4
(
|ϕ|2 − c
λ
σ2
)2
,
which, as a function of ϕ(x), exhibits a Mexican–hat profile of depth
√
c/λ σ(x).
In the absence of any interaction of ϕi(x) with gauge vector–fields, by a suitable
unitary transformation of matrix [cij ], we can bring ϕ(x) to the standard form ϕ(x) =
{0, . . . , 0, ϕ(x)}, where ϕ(x) = |ϕ(x)|. In this case, Eq.(5.0.4) can be simply written as
A =
∫ √−g
2
[
gµν
(
∂µϕ
)
∂νϕ− gµν
(
∂µσ
)
∂νσ−λ
2
(
ϕ2 − c
λ
σ2
)2
+
R
6
(
ϕ2−σ2)
]
d4x. (5.0.5)
We can see that ϕ(x) behaves like a Higgs field of mass proportional to σ(x), while the
2N−1 corollary Nambu–Goldstone bosons of ϕ(x) are transferred, once and for all, to the
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gauge vector sector via an interaction term proportional to Akµ(x) τ kϕ(x), where A
k
µ(x)
are 2N − 1 gauge vector–fields and τ k are the Lie algebra generators of SU(N), so as
to promote the spontaneous breakdown of the Standard Model symmetries [30]. In these
conditions, R(x) and gµν(x) generally depend on spacetime curvature and gravitational
field. If the matter field is homogeneous and isotropic, as is presumably the case during
inflation and at infinite time, R is constant and the gravitational field vanishes.
Carrying out the replacements
√−g →
√
−gˆ = e4α√−g, gµν → gˆµν = e−2αgˆµν , ϕ→ ϕˆ = e−αϕ,
σ → σˆ = σ0, R→ Rˆ = e−2α
(
Rˆ− 6σ−1D2σ) ≡ e−2α(Rˆ− 6 e−αD2eα) (5.0.6)
in Eq (5.0.5), which includes the Eq (A-24) proven in the Appendix, we obtain the repre-
sentation of A on the Cartan manifold:
Aˆ =
∫ √−gˆ
2
[
gˆµν
(
∂µϕˆ
)
∂ν ϕˆ− λ
2
(
ϕˆ2 − c
λ
σ20
)2
− σ
2
0
6
Rˆ
(
1− ϕˆ
2
σ20
)]
d4x. (5.0.7)
Let us show that action integrals (5.0.5) and (5.0.7) differ only by a surface term, or, to
say it differently, they are functionally equivalent. In effect, using the equalities of Eqs
(5.0.6), we see that Eq (5.0.7) can be written as Aˆ = A+∆A, where
∆A =
∫ √−g
2
{
(ϕ2−σ2)[gµν(∂µα) ∂να−e−αD2eα]−gµν(∂µα) ∂ν(ϕ2−σ2)
}
d4x. (5.0.8)
Therefore, using identity
Dµ
[
(ϕ2 − σ2)e−α∂µeα] = gµν(∂να)∂µ(ϕ2 − σ2) + (ϕ2 − σ2)[e−αD2eα − gµν(∂µα)∂µα]
and the covariant–divergence property
√−g Dµfµ = ∂µ
(√−g fµ), where fµ is any contra-
variant vector [cf Eq (A-7)], we can realize that ∆A is a mere surface term.
However, at variance with A, the conformal invariance of Aˆ is no longer manifest. In
effect, passing from A to Aˆ, the original conformal invariance of the former appears in the
latter explicitly broken by constant σ0 =
√
6MrP , where MrP = 2.4354× 1018 GeV is the
reduced Planck mass.
Note that, if we put c = µ2H/2σ
2
0 , where µH ≃ 126 GeV the Higgs boson mass, Aˆ
acquires the formal properties of the action integral of a Higgs field of mass µH interacting
with the gravitational field through gˆµν(x) and the term proportional to Rˆ(x), i.e.,
Aˆ =
∫ √−gˆ
2
[
gˆµν(∂µϕˆ) ∂ν ϕˆ− λ
2
(
ϕˆ2 − µ
2
H
2λ
)2
− Rˆ
κ
(
1− ϕˆ
2
σ20
)]
d4x . (5.0.9)
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Since we expect ϕˆ(x) to oscillate in the interval [0, ϕˆmax], where ϕˆmax ≤ µH/
√
λ ≪ σ0,
we see that ϕˆ2(x)/σ20 remains absolutely negligible relative to 1, so that the gravitational
interaction term −(1− ϕˆ2/σ20) Rˆ/κ does not differ appreciably from −Rˆ/κ.
Thus, if in the course of time eα(x) approaches 1, then gˆµν(x) approaches gµν(x), ϕˆ(x)
approaches ϕ(x), Rˆ(x) approaches R(x) and therefore Eq (5.0.9) approaches the standard
action integral of the Higgs field ϕ(x) interacting with the gravitational field, i.e.,
AGR =
∫ √−g
2
[
gµν(∂µϕ) ∂νϕ− λ
2
(
ϕ2 − µ
2
H
2λ
)2
− R
κ
]
d4x .
In summary, the energy transfer from geometry to matter can only be explained in
the general framework of CGR, provided that the following two conditions are satisfied:
(1) the matter Lagrangian density of the action integral A on the Riemann manifold
includes one or more massless scalar fields quadratically coupled with the dilation field;
(2) the corresponding Lagrangian density of the action integral Aˆ on the Cartan manifold is
formally equal to that of a Higgs boson field equipped with a number of corollary Goldstone
bosons, so that CGR is potentially capable of joining the Standard Model smoothly.
6 The Mach principle according to Gu¨rsey
As discussed in § 2.2, the fundamental tensor of a 4D Cartan manifold can be written
as gˆµν(x) = e
2α(x) gµν(x), with
√
−g(x) = 1, where α(x) contains information about the
geometry of the universe on the large scale, whereas gµν(x) contains information about
gravitational interactions. The physical meaning of this factorization was clarified by
Gu¨rsey in 1963.
According to Mach–Einstein doctrine, here referred to as the Mach Principle, in the
universe, there exists a basic inertial frame which is globally determined by the distant
bodies. Initially, this was called the reference frame of “fixed stars”, but today it should
be more properly called the reference frame of galaxy clusters on the large scale. The exis-
tence of such a frame is ensured by the observed simplicity of the universe on a sufficiently
large scale. Unfortunately, this principle cannot be derived from Einstein’s gravitational
equations since, in the theoretical framework of GR, the average effect of distant bod-
ies is unpredictable, because the structure of the universe on the large scale is a priori
undetermined.
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6.1 The conformal background of the universe
To overcome the difficulty and implement the Mach principle within the framework of
a new reformulation of GR, Gu¨rsey resorted to approaching the problem in three steps:
(1) “to find a way of separating local effects from the general cosmological structure due
to the distribution of distant bodies, because all statements related to Mach’s principle
involve such separation; (2) the boundary conditions being only meaningful in a definite
coordinate system, we must be able to introduce privileged coordinate frames determined
by the over–all cosmological structure that has been separated in the first step. These are
the inertial frames that, according to Mach, are determined, to within a kinematical group,
by the over–all distribution of matter; (3) to preserve the general covariance, we have to
show that Machian boundary conditions can also be generalized to an arbitrary coordinate
system, that is, to noninertial frames”.
To satisfy these requirements, Gu¨rsey hypothesized that the fundamental tensor of
spacetime geometry has a part Cµν(x) = K(x) γµν(x), where γµν(x) is the average metric
of the universe and K(x) > 0 a homogeneous and isotropic scalar density [31], plus a
second part describing the deviations from this uniform structure.
The frame of distant bodies may therefor be defined as one in which Cµν(x) is con-
formally flat, which means that γµν(x) is flat, so that light in this system travels along a
straight line of constant velocity c (= 1). The boundary conditions for the metric then
require that, with respect to the inertial frames of comoving observers, the fundamental
tensor tends asymptotically to a conformal metric. In this way, a transformation which
takes the observer from an inertial to a non–inertial frame may be interpreted as a trans-
formation which distorts the aspect of the cosmological background in such a way as to
resemble effects due to accelerations with respect to the “fixed–star” reference frame.
In Gu¨rsey’s view, it is not this relative acceleration which produces the Machian forces,
but is the way in which K(x) depends on xµ which defines the inertial behavior of the
observer with respect to the reference frame of heavy bodies on large scales, so that these
bodies appear to be fixed when K(x) is homogeneous and isotropic.
The only fundamental tensor consistent with this view is gˆµν(x) ≡ e2α(x)gµν(x), with
the unimodularity condition
√
−g(x) = 1. The factor gµν(x) can then be written as
gµν(x) = γµν(x) + hµν(x) , with det[γµν(x)] = det[γµν(x) + hµν(x)] = 1 ,
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where hµν(x) describes the gravitational field as a deviation from γµν(x). Thus, the
information on the over–all cosmological structure is contained in Cµν(x) = e
2α(x)γµν(x)
whereas that on the gravitational field is contained in hµν(x). For our needs we can assume
hµν(x) to be very small, as if the gravitational field were a small linear perturbation of the
background metric, in which case the unimodularity condition implies the harmonic gauge
property γµν hµν(x) = 0. This means, in practice, that non–linear gravitational effects are
ignored and possible black holes are replaced by extended bodies of large mass.
To fulfill the Mach principle, Gu¨rsey assumed that gˆµν(x) obeys the following boundary
condition at spatial infinity in the inertial frame
gˆµν(x)→ e2α(τ) γµν(x) , (6.1.1)
where τ is the kinematic–time coordinate of the world lines stemming from the origin of
a light–cone to which the universe is confined, and
eα(τ) = eα(0)
1
1 +Rτ2/12
, (6.1.2)
where R > 0. This clearly implies that the spacetime is closed and has the structure of
deSitter space dS4. Since this conflicts with the observed accelerated expansion of the
universe, which implies R < 0, we shall hypothesize instead that that the spacetime has
the structure of an anti–deSitter space AdS4.
Unfortunately, Gu¨rsey could not realize that the decomposition he proposed is due to
a spontaneous breakdown of conformal symmetry, since this kind of concept was still in
embryo in those years [32] [33]. Thus, the question arises as to whether his view is entirely
compatible with the assumption of a conformal symmetry breakdown.
To overcome these inconveniences, we propose a different approach. At variance with
Gu¨rsey, we assume that the scale factor eα(x) of the expansion of the universe on the large
scale is determined by the motion equation of the dilation field σ(x) = σ0 e
α(x) interacting
with a scalar field, as described in § 5, so that eα(x) is subject to the boundary conditions
eα(0) ≪ 1 , lim
τ→∞
eα(x)
cR(τ)
→ 1 , (6.1.3)
(not granted a priori) where cR(τ) is the acceleration factor of a homogeneous GR universe
of constant spacetime curvature R < 0, so that CGR converges to GR for τ →∞.
As we shall see in the end of our investigation, these conditions force eα(x) to acquire
a sigmoid–shaped profile, as expected in any reliable theory of inflationary cosmology.
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6.2 General form of conformal geodesic equations
On the Cartan manifold, the motion of a point–like test particle under the action of the
conformal gravitational field is governed by the conformal geodesic equation
d2xλ
dsˆ2
+ Γˆλµν
dxµ
dsˆ
dxν
dsˆ
=
dxρ
dsˆ
(
Dˆρ
dxλ
dsˆ
)
= 0 (self–parallelism condition) , (6.2.1)
where dsˆ =
√
gˆµνdxµdxν = (σ/σ0) ds = e
αds is the proper–time element of the particle
along its geodesic, Dˆρ the covariant derivatives on the Cartan manifold and
Γˆλµν = δ
λ
µ∂να+ δ
λ
ν ∂µα− gµν∂λα+Γλµν , with Γλµν =
1
2
gρλ
(
∂µgρν +∂νgρµ−∂ρgµν
)
, (6.2.2)
are the Christoffel symbols constructed out of g˜µν . Multiplying Eq(6.2.1) by e
2α, using Eq
(6.2.2) and putting ds˜ = eαds, we obtain the geodesic equation on the Riemann manifold
eα
d
ds
(
e−α
dxλ
ds
)
+ 2
(
∂µα
) dxµ
ds
dxλ
ds
− ∂λα+ gλρ
(
∂µgρν − 1
2
∂ρgµν
)dxµ
ds
dxν
ds
= 0 , (6.2.3)
from which we obtain the contravariant 4D–acceleration of the test particle
aλ ≡ d
2xλ
ds2
= ∂λα− dα
ds
uλ − gλρ
(
∂µgρν − 1
2
∂ρgµν
)
uµuν , (6.2.4)
where uµ = dxµ/ds is the contravariant 4D–velocity vector.
The first two terms on the right–hand side represent the contribution to acceleration
due to the dilation field and the last term the contribution due to the gravitational field.
It is thus clear that the dilation field also exerts an inertial force, which disappears
as α approaches zero at the end of the inflationary epoch. Thus, in the post–inflationary
era, the 4D acceleration of the test particle tends to depend only on the gravitational field
and, therefore, CGR tends to behave like GR.
6.3 Hyperbolic polar coordinates and synchronized comoving observers
All world–lines stemming from a point V of a smooth Riemann manifold and propagating
within the future cone of origin V will be called the polar geodesics from V . By means of a
suitable diffeomorphism of the manifold, we will be able to choose the metric of the future
cone near V as that of a Minkowski spacetime. Let us see how the set of all polar geodesics
stemming from V can be used to implement a system of hyperbolic polar coordinates.
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Any polar geodesic being one–to–one with its direction ~ρ at V can be denoted as
Γ(~ρ ). In particular, any polar geodesic, but in general only one – say Γ(~ρ0) ≡ Γ(0) – can
be transformed into a straight axis by a second diffeomorphism of the manifold, without
altering the metric near V . Let us define the kinematic time τ of an event O ∈ Γ(~ρ ) as the
length of the geodesic segment V O, and then the hyperbolic angle ̺ as the derivative with
respect to τ , at τ = 0, of the length of the oriented hyperbolic arc ~ρ between Γ(0) and
Γ(~ρ ), as shown in Fig. 2. Lastly, let us indicate by {θ, φ} the Euler angles of the projection
~r of Γ(~ρ ) onto the 3D–plane orthogonal to Γ(0) at V . Since the metric in the neighborhood
of V is Minkowskian, we are in a position to put ~ρ = {̺, θ, φ} and ~ρ0 = {0, 0, 0}.
V
W =const O
U
( )W6
W
W
( )U*
(0)*
r
hyperboloid
close to V
W
0
Figure 1: Geodesics passing through a point V of
a spacetime manifold and spanning the interior of
the future cone of origin V can be parameterized by
hyperbolic polar coordinates {τ, ~ρ }. This is possible
because each geodesic Γ(~ρ ) depends uniquely on its
direction ~ρ = {̺, θ, φ} at V . We can then define the
time τ of an event O ∈ Γ(~ρ ) as the length of the
geodesic segment V O. The 3D surface Σ(τ) is the
locus of all the events which have the same time τ .
Since each line–element ds of a polar geodesic has length dτ and ~ρ = {̺, θ, φ} ≡
{ρ1, ρ2, ρ3} is a constant triplet, we have dτ/ds = 1 and dρi/ds = 0, we can then cast any
squared line–element lying in the future cone in the form
ds2 = dτ2 − τ2 γij(τ, ~ρ ) dρidρj , (i, j = 1, 2, 3) , (6.3.1)
with initial conditions
lim
τ→0
γ11 = 1; lim
τ→0
γ22 = (sinh ̺)
2; lim
τ→0
γ33 = (sinh ̺ sinϑ)
2; lim
τ→0
γij = 0 (i 6= j).
This shows that the volume element of the interior of a future cone can be expressed
as
√
−g(x) d4x =
√
−γ(τ, ~ρ ) dτd3ρ, where d3ρ ≡ dρ1dρ2dρ3 ≡ d̺ dθ dφ.
If the metric is not so curved as to require a multi–chart representation, the information
about the gravitational field is completely incorporated into coefficients γij(τ, ~ρ ).
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Observers moving along the polar geodesics stemming from V and using τ as the
measure of time are called synchronized and comoving. Hence, Σ(τ) represents the set of
synchronized comoving observers at time τ .
The set of all events which have the same time τ , for all polar geodesics of the future
cone, forms a 3D subspace Σ(τ). A point O, running along one of these geodesics, is
presumed to represent an observer on the Riemann manifold whose clock marks τ . Since
the observers of a universe expanding in a future cone of origin V are called “comoving”,
provided that they move along their own polar geodesics stemming from V , we can say
that Σ(τ) represents the set of synchronized comoving observers at kinematic time τ .
An important point regarding this internal ordering of a future cone is that the 3D
volumes of Σ(τ) is infinite at any τ , in contrast with those of the 3D sections orthogonal
to the time axis of a future cone in the standard representation of GR spacetime. This
allows us to define the thermodynamic limit of the universe in all 3D space of comoving
observers, which is essential for describing the irreversible dispersion of infrared photons
to infinity and the macroscopic evolution of the universe as a thermodynamic process.
The simplest example of hyperbolic polar coordinates is given by expressing {τ, ~ρ }
as functions of Lorentzian coordinates xµ = {x0, x1, x2, x3}, via x0 = τ cosh ρ, x1 =
τ sinh ̺ sinϑ cosφ, x2 = τ sinh ̺ sinϑ sinφ, x3 = τ sinh ̺ cos ϑ, from which we derive r ≡√
(x1)2 + (x2)2 + (x3)2 = τ sinh ̺, τ =
√
(x0)2 − (x1)2 − (x2)2 − (x3)2, as shown in Fig. 2.
V
W = const.
x
G
( )W6
O
future cone
0
x
V
*
P
P
*
Figure 2: Lorentzian coordinates spanning a fu-
ture cone in Minkowski spacetime. Synchronized
comoving observers lie on the 3D hyperboloid
Σ(τ) at kinematic–time distance x0 = τ from ver-
tex V . The position of an observer O on Σ(τ) is
identified by the radial vector ~x.
The reader can easily verify that in hyperbolic coordinates the expression of the squared
R.Nobili, The Conformal Universe I 35
line element ds2 = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2 takes the form
ds2 = dτ2 − τ2[d̺2 + (sinh ̺)2dϑ2 + (sinh ̺ sinϑ)2dφ2].
If the gravitational forces are negligible and the matter distribution on the large scale
is homogeneous and isotropic all over each Σ(τ), we can assume that the expansion factor
eα(x) is the same all over Σ(τ), i.e., α(x) ≡ α(τ). Since in this case the Riemann manifold is
conformally flat, we can parameterize the future cone by Lorentzian coordinates {x0, ~x} ≡
{x0, x1, x2, x3}, with metric ηµν = diag(1,−1,−1,−1).
We can thus express kinematic time as τ =
√
(x0)2 − |~x|2, and therefore envisage
~vO = −~x/x0 as the contravariant velocity vector of comoving observer O at {x0, ~x} and
vO = |~vO| its norm. The following relationships are then easily proven
dτ
dx0
=
1√
1− v2O
; ~∇τ = ~vO√
1− v2O
, (6.3.2)
where ~∇ = {∂1, ∂2, ∂3} and ∂i ≡ ηij∂j = −∂i , (i, j = 1, 2, 3).
Now, let us consider a test particle P moving along a geodesic ΓP , generally not
stemming from V , let sP be its proper time and x
µ
P its spacetime coordinates. Hence,
dsP is related to dx
µ
P by ds
2
P = gµν dx
µ
P dx
ν
P and the contravariant components u
µ
P of
4D–velocity are
u0P =
dx0
dsP
=
1√
1− v2P
, ~uP =
d~xP
dsP
=
d~xP
dxP0
dx0P
dsP
=
~vP√
1− v2P
,
where ~vP is the 3D-velocity of the particle at x. Since, by hypothesis, α depends only on
τ and gµν = ηµν , Eq.(6.2.4) becomes
aλ = ∂λα− dα
ds
uλ =
dα
dτ
(
∂λτ − dτ
ds
uλ
)
.
Using Eqs.(6.3.2) and
dτ
ds
=
dτ
dx0
dx0
ds
=
√
1− v2P√
1− v2O
,
we obtain the 3D–acceleration
~aP =
~vO − ~vP√
1− v2O
dα
dτ
, (6.3.3)
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showing that the test particle is not only subject to the gravitational forces described
by the last term on the right–hand member of Eq (6.2.4), but also to a viscous force
proportional to the slope of the dilation field profile, which makes ~vP converge to ~vO.
This suggests regarding the dilation field in expansion as a viscous medium which
keeps matter in the reference frame of comoving synchronized observers, as the privileged
reference frame of fixed stars invoked by the Mach principle is expected to do.
APPENDIX
Basic formulas of standard– and conformal–tensor calculus
For the sake of clarity, and for the purpose of indicating a few sign conventions, we list here
the basic formulae of tensor calculus used here. For simplicity, and because the subject is
rarely mentioned in this paper, we avoid dealing with spinors, vierbeins and their covariant
derivatives. Let us start from the familiar standard–tensor calculus of GR:
- Christoffel symbols and their metric–tensor variations:
Γλµν =
1
2
gρλ
(
∂µgρν + ∂νgρµ − ∂ρgµν
)
; (A-1)
δΓλµν =
1
2
gρλ
(
Dµδgρν +Dνδgρµ −Dρδgµν
)
;
where δgµν(x) are small arbitrary variations of gµν(x) and Dµδgνλ ≡ ∂µδgνλ −
Γρµνδgρλ − Γρµλδgνρ are the covariant derivatives of δgνλ as functions of Γλµν .
For diagonal metrics [gµν ] = diag[h0, h1, . . . , hn−1], Eqs.(A-1) simplify to
Γρµν = 0 (ρ, µ, ν 6=) , Γρµµ = −
∂ρhµ
2hρ
(ρ 6= µ) ,
Γρρν =
∂νhρ
2hρ
(ρ 6= ν) , Γρρρ =
∂ρhρ
2hρ
, (A-2)
where repeated indices are not to be summed.
- Covariant and contravariant derivatives of mixed tensors T σ...λ...:
DµT
σ...
λ... = ∂µT
σ...
λ... + Γ
σ
µρT
ρ...
λ... + · · · − ΓρµλT σ...ρ... − . . . (A-3)
DµT σ...λ... = ∂
µT σ...λ... + Γ
µσ
ρ T
ρ...
λ... + · · · − Γµρλ T σ...ρ... − . . . (A-4)
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where Γµσρ ≡ gµνΓσνρ. Since the following identities hold:
Dµgνλ ≡ ∂µgνλ − Γρµνgρλ − Γρµλgνρ = 0 ; (A-5)
Dµg
σλ ≡ ∂µgσλ + Γσµρgρλ + Γλµρgσρ = 0 ; (A-6)
we have Dµ
(
gνλ T
σ...
λ...
)
= gνλDµT
σ...
λ... and Dµ
(
gνλ T σ...λ...
)
= gνλDµT
σ...
λ... for
any tensor T σ...λ.... Since D
µ · · · = gµνDν · · · = Dνgµν . . . , the same property
holds for contravariant derivatives. In short, both gµν and g
µν and any function of
these are “transparent” to covariant derivatives. In particular, Dµ(
√−g T σ...λ...) =√−gDµT σ...λ..., where g is the determinant of matrix
[
gµν
]
.
- Covariant divergence of a tensor T µν...ρ and contravariant divergence of a tensor
T µ· ν...ρ ≡ gµσTσν...ρ reed as follows
DµT
µν...ρ =
1√−g ∂µ
(√−g T µν...ρ)+ ΓνµλT µλ...ρ + · · ·+ ΓρµλT µν...λ;
DµTµν...ρ =
1√−g∂
µ
(√−g Tµν...ρ)− Γλµν Tµλ...ρ − · · · − Γλµµ Tµν...λ ;
DµT
µ
· ν...λ =
1√−g ∂µ
(√−g T µ
· ν...λ
)− ΓρµνT µ· ρ...λ − · · · − ΓρµλT µ· ν...ρ . (A-7)
Therefore, for consistency with Eqs (A-3), (A-4) and (A-6), we immediately obtain
1√−g ∂µ
√−g = Γλµλ ;
1√−g ∂µ
(√−g gµν) = Γνρσgρσ .
- Riemann tensor and its variations:
Rρ. µσν = ∂σΓ
ρ
νµ − ∂νΓρµσ + ΓλµνΓρλσ − ΓλµσΓρλν ;
δRρ. µσν =
1
2
gρλ
(
DσDµδgνλ +DσDνδgλµ −DσDλδgνµ +
DνDλδgµσ −DνDµδgλσ −DνDσδgλµ
)
;
where δRρ. µσν are the variations of R
ρ
. µσν caused by metric–tensor variations δgνλ.
For diagonal metrics [gµν ] = diag[h0, h1, . . . , hn−1] we have (Eisenhart 1949, p.44)
Rρµσν = 0 (ρ, µ, σ, ν 6=) ;
Rρµµν = |hµ|
1
2
[
∂ρ∂ν |hµ|
1
2 − (∂ρ|hµ| 12 )∂ν ln |hρ| 12 − (∂ν |hµ| 12 )∂ρ ln |hν | 12
]
(ρ, µ, ν 6=);
Rρµµρ = |hρhµ|
1
2
[
∂ρ
(
∂ρ|hµ| 12
|hρ| 12
)
+ ∂µ
(
∂µ|hρ| 12
|hµ| 12
)
+
∑′
λ
(
∂λ|hρ|
1
2
|hλ|
1
2
)
∂λ|hµ|
1
2
]
(ρ 6= µ);
where
∑
′
µ indicates the sum for λ = 0, 1, . . . , n− 1 excluding λ = µ and λ = ρ.
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- Covariant derivative commutators on covariant vectors vρ and scalars f :
(DµDν −DνDµ) vρ = Rσ· ρµν vσ ; (DµDν −DνDµ) f = 0 . (A-8)
the second of which implies D2Dνf = DνD
2f .
- The Beltrami–d’Alembert operator on scalars and vectors:
D2f ≡ DµDµf = ∂µ∂µf − Γµµρ∂ρf =
1√−g ∂µ
(√−g ∂µf) ; (A-9)
D2vρ ≡ DµDµvρ = 1√−g ∂µ
(√−g ∂µvρ)− Γλρµ∂µvλ ; (A-10)
because Γννµ(x) = ∂µ ln
√
−g(x) as can easily be proven with Eq.(A-5) or (A-6) and
the well–known formula ∂µ ln g(x) = g
ρσ(x) ∂µgρσ(x) = −gρσ(x) ∂µgρσ(x).
- Ricci tensors and their metric–tensor variations:
Rµν ≡ Rρ. µρν = ∂ρΓρµν − ∂νΓρµρ + ΓλµνΓρλρ − ΓλµρΓρλν ;
δRµν =
1
2
(
DρDµ δgρν +D
ρDν δgρµ −D2 δgµν −DµDνgρσ δgρσ
)
,
R ≡ Rµνgµν , δR = Rµν δgµν + 1
2
(
gµνD
2 −DµDν
)
δgµν ; (A-11)
The sign convention for the Riemann tensor is that of Eisenhart, but that of the Ricci
tensors is opposite to Eisenhart’s, which is Rµν ≡ Rρ. µνρ = −Rρ. µρν , and matches
Landau–Lifchitz (1970). The last of Eqs.(A-11) yields the useful formula:
1√−g
δ
δgµν
∫ √−g f Rdnx = f(Rµν − 1
2
gµνR
)
+
(
gµνD
2 −DµDν
)
f . (A-12)
- The geometrical meaning of Ricci tensors: To clarify the geometrical meaning of
Rµν(x) and R(x), we solve equation
[
Rµν(x)− c(x) gµν(x)
]
λµ(x) ≡ Rµν(x)λµ(x)− c(x)λν(x) = 0 ,
the n solutions of which, λµk(x), respectively associated with eigenvalues ck(x) (k =
1, 2, . . . , n), satisfy the orthonormalization conditions λµk(x)λµh(x) = δkh. We can
then write Rµν(x) =
∑
k ck(x)λµk(x)λνk(x) and interpret ck(x) as the spacetime
curvature at x along the principal direction λµk(x). The interesting formula R(x) =∑
k ck(x) then follows. Since curvatures at x may conspire to make
∑
k ck(x) = 0, we
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see that R(x) = 0 does not imply Rµν(x) = 0. However, since spacetime curvatures
in general change from point to point, it is very probable that this happens only on
zero–measure sets of spacetime points. If ck(x) = ρ(x) for all k, we have Rµν(x) =
c(x) gµν(x), in which case the Ricci tensor is called isotropic. If ck do not depend
on x, we have Rµν(x) =
∑
k ckλµk(x)λνk(x), in which case the Ricci tensor is called
homogeneous. In nD, the homogeneous isotropic Ricci tensor has the form
Rµν(x) =
R
n
gµν(x) , (A-13)
where R is constant and the Riemann tensor has the form
Rµνρσ(x) =
R
n(n− 1)
[
gµρ(x)gνσ(x)− gµσ(x)gνρ(x)
]
. (A-14)
(Eisenhart, pp. 83, 203). Interesting theorems on nD spaces of constant curvature
are mentioned at the end of the Appendix.
The conformal–tensor calculus of CGR is enriched by new properties, which are ob-
tained by Weyl transformations of a few basic quantities. The following ones are of decisive
importance for our investigation. Taking as fundamental–tensor variation the finite trans-
formation gµν(x)→ gˆµν(x) = e2α(x)gµν(x), we obtain the transformations
Γλµν → Γˆλµν = Γλµν + δλν∂µα+ δλµ∂να− gµν∂λα ; (A-15)
Rµρσν → Rˆµρσν = e2α
[
Rµρσν + gµνAρσ + gρσAµν − gµσAρν − gρνAµσ +
(gµνgρσ − gµσgρν)(∂λα)∂λα
]
, where Aµν=Dµ∂να− (∂µα)∂να; (A-16)
Rµν → Rˆµν = Rµν−(n−2)
[
Dµ∂να−(∂µα)∂να
]−gµν[D2α+ (n−2)(∂ρα)∂ρα]; (A-17)
R→ Rˆ = e−2α[R− 2(n−1)D2α− (n−1)(n−2)(∂ρα)∂ρα]; (A-18)
where δνµ is the Kronecker delta (from Eisenhart’s text, 1949, pp.89–90, but with opposite
sign convention for Rµν and R). So, the conformal counterpart Gˆµν ≡ Rˆµν − 12 gˆµνRˆ of
Einstein’s tensor Gµν ≡ Rµν − 12gµνR in nD is
Gˆµν = Gµν − (n− 2)
[
Dµ∂να− (∂µα)∂να
]
+ gµν(n− 2)
[
D2α+
n− 3
2
(∂ρα)∂ρα
]
. (A-19)
With the identities
Dµ∂να = e
−αDµ∂νe
α − e−2α(∂µeα) ∂νeα = e−2α
[
Dµ(e
α∂νe
α)− 2 (∂µeα) ∂νeα
]
,
D2α = e−αD2eα − e−2α(∂ρeα) ∂ρeα = e−2α
[
Dρ(eα∂ρe
α)− 2 (∂ρeα) ∂ρeα
]
,
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Eqs (A-17) (A-18) (A-19) can be respectively cast in the forms
Rˆµν = Rµν − (n− 2) e−2α
[
eαDµ∂νe
α − 2 (∂µeα) ∂νeα
]−
gµνe
−2α
[
eαD2eα + (n− 3)(∂ρeα) ∂ρeα
] ≡
Rµν − (n− 2) e−2α
[
Dµ(e
α∂νe
α)− 3 (∂µeα) ∂νeα
]−
gµν e
−2α
[
Dρ(eα∂ρe
α)− (n− 4)(∂ρeα) ∂ρeα
]
; (A-20)
Rˆ = e−2αR− (n− 1) e−4α[(n− 4)(∂ρeα) ∂ρeα + 2 eαD2eα] ≡
e−2αR− (n− 1) e−4α[(n− 6)(∂ρeα) ∂ρeα + 2Dµ(eα∂µeα)]; (A-21)
Gˆµν = Gµν − (n− 2) e−2α
[
eαDµ∂νe
α − 2 (∂µeα) ∂νeα
]
+
gµν(n− 2) e−2α
[
eαD2eα +
(n − 5)
2
(∂ρeα)∂ρe
α
]
≡
Gµν − (n− 2) e−2α
[
Dµ(e
α∂νe
α)− 3 (∂µeα)(∂νeα)
]
+
gµν(n− 2) e−2α
[
Dρ(g
ρτ eα∂τ e
α) +
n− 7
2
(∂ρeα) ∂ρe
α
]
. (A-22)
In particular, putting n = 4 and eα(x) = σ(x)/σ0, we obtain
Rˆµν = Rµν + σ
−2
[
4 (∂µσ) ∂νσ − gµν(∂ρσ) ∂ρσ
]− σ−1(2Dµ∂νσ + gµνD2σ); (A-23)
Rˆ = e−2α
(
R− 6σ−1D2σ) ≡ e−2αR+ 6 e−4α
σ20
[
(∂ρσ) ∂ρσ −Dµ(σ ∂µσ)
]
; (A-24)
Gˆµν = Rµν − 1
2
gµνR+
1
σ2
[
4(∂µσ)∂νσ − gµν(∂ρσ)∂ρσ
]
+
2
σ
(gµνD
2 −Dµ∂ν)σ. (A-25)
Conformal covariant and contravariant derivatives of conformal mixed tensors mimic
the standard ones:
DˆµTˆ
σ...
λ... = ∂ˆµTˆ
σ...
λ... + Γˆ
σ
µρTˆ
ρ...
λ... + · · · − ΓˆρµλTˆ σ...ρ... − . . . (A-26)
DˆµTˆ σ...λ... = ∂ˆ
µTˆ σ...λ... + Γˆ
µσ
ρ Tˆ
ρ...
λ... + · · · − Γˆµρλ Tˆ σ...ρ... − . . . (A-27)
with ∂ˆµ = e
−α∂µ, ∂ˆ
µ = eα∂µ, Γˆµσρ = gˆµν Γˆσµρ. The vanishing of the fundamental–
tensor covariant derivatives Dˆµgˆνλ = 0, and therefore the “transparency” properties
Dˆµ(gˆνλTˆ
···
···
) = gˆνλDˆµTˆ
···
···
, Dˆµ(gˆ
νλ Tˆ ···
···
) = gˆνλDˆµTˆ
···
···
, Dˆµ(
√−g˜ Tˆ ···
···
) =
√−gˆ D˜µTˆ ······ , still
hold. In particular, the conformal covariant divergence of a conformal covariant tensor
with two indices can be written as
DˆµTˆµν =
1√−gˆ ∂ˆµ
(√−gˆ gˆµσTˆσν)− Γˆσλν Tˆσλ = 1√−gˆ ∂ˆµ
(√−gˆ Tˆ µν )− ΓˆσνλTˆ λσ . (A-28)
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As already specified, symbols superscripted by a hat in Eqs.(A-15)–(A-28) describe the
structural changes of the basic tensors of absolute differential calculus from GR to CGR.
Another important property of Weyl transformations regards the totally traceless part
Cµνρσ of Riemann tensor Rµνρσ = Cµνρσ + · · · , known as the conformal–curvature tensor
of Weyl, which satisfies the equations
Cµνρσg
µν = Cµνρσg
µρ = Cµνρσg
µσ = Cµνρσg
νρ = Cµνρσg
νσ = Cµνρσg
ρσ = 0 .
This property consists precisely of the invariance of mixed tensor Cµ. νρσ = gµλCλνρσ under
Weyl transformations, which may then be abbreviated to
Cµ. νρσ(x)→ Cˆµ. νρσ(x) = Cµ. νρσ(x) .
This means that square of the Weyl–tensor C2(x) = Cµνρσ(x)C
µνρσ(x) undergoes the
Weyl transformation
C2(x)→ Cˆ2(x) = e−4α(x)C2(x) .
Consequently, the action integral
ACn = −
β2
2
∫ √
−g(x)C2(x) dnx , (A-29)
where β is a real constant, is conformal invariant for n = 4 only.
Regarding the possible presence of term AC4 in the Einstein–Hilbert gravitational
action–integral, it has been proven by Stelle in 1977 [35] that any small real value of
β suffices to guarantee the renormalizability of quantum gravity, although at the price of
introducing gravitational ghosts of mass MG =MrP/β, where MrP is the reduced Planck
mass, which work in practice as Pauli–Villars regulators of graviton propagators.
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